We present a theory with axion flux monodromies coupled to gravity, that reduces to the local vacuum energy sequester below the axion mass scales. If the axion potentials include a term generated by nonperturbative couplings to gauge sectors, with a decay constant incommensurate with monodromy periods, the low energy potential germinates a landscape of irrational axion vacua, with arbitrarily small cosmological constants. The sensitivity of the values of cosmological constants to unknown UV physics can be greatly reduced. The variation of the cosmological constant in each vacuum, from one order in perturbation theory to the next, can be much smaller than the naïve cutoff. The nonperturbative transitions in the early universe between the vacua populate this landscape, similar to the case of irrational axion. In such a landscape of vacua a small cosmological constant can naturally emerge.
Introduction
There are two sides to the cosmological constant problem [1, 2, 3] . From the quantum field theory (QFT) point of view, the problem arises because the bare cosmological constant term must cancel the divergent vacuum energy pieces [3, 4, 5, 6] . The divergences reappear at every order of perturbation theory, and the counterterm must change at each order by large amounts. The counterterm is not an observable: the renormalized cosmological constant is a sum of the vacuum energy loops and the counterterm, and so is a UV-sensitive quantity. Yet the instability of the counterterm in the loop expansion indicates the real problem: the observable is very sensitive to any unknown physics in the UV. If a QFT contains heavy fields just above a chosen cutoff, when they are integrated in the counterterm must change by a lot to keep the renormalized Λ much smaller than the cutoff.
An entirely different issue is why is the physical cosmological constant so small [1, 3] , Λ < ∼ 10 −12 eV 4 . So miniscule a Λ seems unnatural in any sense, but also in a concrete way in technical sense, since its vanishing does not appear to lead to an emergence of any new symmetry. The Poincare and de Sitter symmetry groups are different, but their ranks are the same. So from the viewpoint of a QFT on the background geometry, these can be viewed as deformations of one another, and there does not seem to be any symmetry enhancement when Λ = 0. Thus with the standard lore, the observed smallness of Λ does not appear to be due to protective effects of a hidden symmetry 1 . The problem appears particularly grave when the observations are compared with the theory leading to a discrepancy of some 60 to 120 orders of magnitude 2 . Clearly, to address this problem one must go beyond QFT. The full theory of quantum gravity, described by a path integral involving integration over geometries, could provide some insight into these puzzles. Attempts to tease these out of the path integral using simplified geometries and the saddle point approximation have been variously made [9] , but these approximations may not be under control [10, 11] , and are deemed unreliable. Since the cosmological constant thus appears unconstrained from first principles, with QFT analyses suggesting that the very large values are favored but nothing precluding small values, one might in turn try to address to problem using an a posteriori selection of Λ based on the fact that the universe exists, is very old and large, and apparently conducive to the emergence of complex chemistry and, ultimately, life. Applications of the Anthropic Principle to address the cosmological constant problem, outlined in [12, 13, 14] , require the presence of a landscape: a theory which admits many low energy vacua, all supporting the same or very similar low energy QFTs but with a diversity of small cosmological constants, and a mechanism to populate this landscape [15, 16, 17, 18, 19, 20, 21] . With these mechanisms, the cosmological constant just might have to be selected by a dice toss, with the posterior condition that there is somebody to toss the dice.
Regardless of one's prejudice about anthropics, it is plausible that the observed value of Λ is linked to the cosmological initial conditions. These do not appear to be very restrictive. In fact they may also be uncertain: a relativistic cosmology governed by general relativity (GR) which evolves in time performs a scaling in energy. It starts at highest energies accessible to 1 Softly broken conformal symmetry might help suppress some of the corrections, but it doesn't completely remove large terms and in addition it needs a very light dilaton [7] . On the other hand, the cancellation might occur thanks to supersymetry which might only be broken globally [8] .
2 Being unable to even estimate the error adds extra layers of embarassment.
scribed simply by both axion tunneling and by the emission of membranes charged under the 3-form fields, populate this landscape. Since the energy differences can be arbitrarily small thanks to incommensurability of the periods, there will be many vacua 6 with very small vacuum energy like in [18] . Crucially, unlike [19] , this does not require a large number of fields and forms. If the effects of the nonperturbative physics which induces this fine structure of vacua is sufficiently suppressed by instanton effects, it could even happen that all the vacua have a small cosmological constant in the range of the observed one. If the nonperturbative effects are less suppressed, the cosmological constant at the observed level can be accommodated by invoking the Anthropic Principle.
The paper is organized as follows. In section 2 we will review the local theory of vacuum energy sequester in terms of new variables, which make the connection with axion monodromies more straightforward. In section 3 we consider the extension of local vacuum energy sequester to include the monodromies and discuss the ensuing landscape of low energy vacua. We turn to cosmology and the anthropic selection of Λ in section 4. We consider the scanning processes and early universe cosmology, when the landscape is populated. Finally we summarize in section 5. We speculate about using this landscape for anthropically addressing the smallness of θ QCD in the appendix.
Local Vacuum Energy Sequester
The local vacuum energy sequester action of [23] is given by
(1) Here, F µνλσ = 4∂ [µ A νλσ] andF µνλσ = 4∂ [µÂνλσ] are the two 4-forms whose gauge symmetries render the Lagrange multipliers Λ and κ 2 constant on shell, respectively. The functions σ and σ are differentiable, but otherwise arbitrary. The normalization scales µ < ∼ M P l are the QFT and gravity cutoffs. The in the last two terms is the standard Levi-Civita symbol. The matter sector Φ is described by the Lagrangian L m (g µν , Φ). Due to the metric cancellations in the last two terms, they are purely topological, and their stress tensor vanishes.
To make contact with monodromies easier, let us field-redefine the variables in (1). We introduce new scalar fields mφ = σ(Λ/µ) and Mφ =σ(κ 2 /M 2 P l ). Since σs are differentiable, we can invert these functions and write Λ = µ 4 V (
), where V, U are dimensionless functions with Taylor expansions. The masses m and M are arbitrary parameters here. In terms of them the action becomes
6 Similar observations in a different context were made in [36] . 7 Because of the coupling ∼φ F ,φ must be a pseudoscalar to preserve CPT. So we treat the coefficient of R as a function of a pseudoscalar. However the theory (2) can be modified by replacing U → U(Mχ/M 2 P l ) and Mφ →φχ whereχ is a scalar.
Clearly the first two terms resemble a (two)scalar-tensor gravity, while the last two terms are the scalar-4-form couplings enforcing the constancy of the scalars.
To see how the vacuum energy sequester works, let's look at the field equations from (2):
Here
is the matter stress-energy tensor. Primes denote derivatives with respect to dimensionless arguments of the potentials. Since the Einstein's equation involves the function V of an a priori arbitrary variable φ, we should determine it by using the other equations. Tracing over them yields M 2 P l UR = 4µ 4 V − T , and taking the worldvolume average of
Finally we eliminate R using the 4-form equations, which give R = −2
Note that as long as the vacuum energy contains only internal matter lines, the term T /4 exactly cancels it from T µ ν at any loop order due to the general covariance of the theory [23] , and replaces it with the radiatively stable term −
. Indeed, consider the matter sector configurations which correspond to the minima of the matter action, ∂ Φ V matter = 0. In this case, T µ ν = −V matter (min) δ µ ν and so
The counterterm replaced the QFT vacuum energy V matter (min) with a term ∝ ∂ φ V ! This will automatically repeat at any order in the loop expansion [23] . Radiative stability of the remaining term follows after accounting for the renormalization of the Planck scale M 2 P l U,
where M U V µ is the matter UV regulator, N counts the matter degrees of freedom, and m M a mass of a virtual particle in the loop 8 . Once the quadratically divergent M 2 P l U is set to its experimentally determined value given by the Planck scale -which corresponds to the choice ofφ -it is radiatively stable as long as µ < ∼ M P l / √ N , as we required [23] . The same holds for U , by naturalness of U. The integrals in F / F are fixed by the classical boundary conditions for the 4-forms, and are dominated by IR physics thanks to the huge domains of integration. While this ignores graviton multiplet loops 9 it nevertheless accomplishes to stabilize the matter sector cosmological constant in the limit where gravity is used to detect it. 8 This coupling will be natural when M 2 P l ∼ N µ 2 . 9 See [25] for a modification that may cancel the graviton loops in addition to matter loops.
Why is this happening? How can the counterterm function µ
4 V know what value to pick to cancel the QFT vacuum energy contributions automatically? The trick lies in the fact that gauge invariant variables included in the covariant actions involve the world-volume integral √ g. In standard GR, this global degree of freedom completely factorizes from the action, and is left to be determined purely by the boundary conditions. Thus the cosmological constant counterterm, which is the Legendre dual of this variable, remains completely arbitrary. While the renormalization procedure introduces the UV boundary condition for it, in order to cancel the divergence, what remains is completely undetermined. In addition, if the UV boundary condition is changed, for example by moving the cutoff around, the counterterm needs to be changed by hand. This is the usual radiative instability. In the sequester theory (2) this variable does not factor out due to the topological terms. Instead, √ g remains present in the 4-form equations, and is extracted out by their integration. Removing it from the field equations requires the division of the 4-form fluxes which in turn fixes the counterterm µ 4 V uniquely. The remainder,
is a product of a classical term, given by the ratio of fluxes, the radiatively stable, renormalized effective Planck scale M 2 P l U and the ratio of the derivatives V /U . As long as V is a flat function, this term will remain stable under loop corrections, since U ∼ O(1), and in the absence of tunings also U ∼ O(1). In principle, Λ residual could even be zero for some values of T , but it suffices that once it is chosen flat, it remains flat over a wide range of φ. Since its value is completely arbitrary, and as long as the overall scale of Λ residual is suppressed relative to M 4 P l , any further reduction must come from tuning V and/or the ratio of fluxes. Yet, once set, this tuning will not be destabilized by quantum corrections.
This mechanism evades Weinberg's no-go because it involves different local measures, using the topological 4-form terms. These do not generate sources of stress energy, and so violate strongly the equivalence principle at zero momentum, replacing V with V in (7) . The violation of the equivalence principle in this way is not a problem: such cases abound, with any axion-gauge field coupling being an example: φ T r(G * G) is topological, without a stress energy tensor. As the 4-forms soak up the QFT vacuum energy loops, they screen them from gravity at zero momentum, and fix the residual cosmological constant to (7).
Monodromies and Sequester
The topological terms in the action (2) are some of the terms which arise in the flux monodromy constructions of large field inflation, coupling massless axions and non-dynamical 4-forms [34, 35] . It has been argued [34, 35] that such models are low energy effective theories of generic monodromy models such as [37] and many others. It has also been argued that monodromies which stem from topological couplings are very generic in string compactifications [38] . This raises a question: could the vacuum energy sequester be embedded in a field theory with a monodromy (monodromies)? The answer is affirmative. Pursuing it we will find the dynamics behind the "stationary cancellation" of QFT vacuum energy enforced by the sequester constraints. The structure which arises from linking sequester with flux monodromies is a landscape of vacua which are scanned by the fluxes and axion vevs.
So let us add two flux monodromy structures to the sequester theory (2), and 'deconstruct' the 'counterterm potential' µ 4 V . We start with
The first line of (8) is precisely the local sequester (2) sans the potential µ 4 V , whereas the second line contains the terms which complete the topological terms into mondoromies 10 , and also a coupling of the axion φ to a gauge theory, represented by the ∝ φ T r(G * G) term. Here θ is an arbitrary phase, which arises from some fermion mass matrix and as in [18] we assume that there are no global symmetries in the fermion sector which can be used to remove it.
While we are not explicitly writing the couplings of the form fields to membranes charged under them in (8), we do assume that they are present, with elementary charges q,q. This leads to the compactification of axion fields φ,φ and can be seen easily by replacing the 4-forms with their magnetic duals, which come in as Lagrange multipliers in terms like [34, 35] . Adding one each for F,F to (8), completing the squares and integrating F s out yields
Here we have explicitly separated metric from topological terms. Now, since Q = N q,Q = Nq, we see that shifting φ → φ−F and Q → Q+q is a discrete gauge symmetry of (9) as long as F = q/m. Similarly,F =q/M . This gives rise to the monodromy structures 11 for φ,φ. We note that even if F 2 terms were replaced by more general kinetic terms V (F 2 ),V (F 2 ), similar duality transformations can still be made, replacing the quadratic effective potentials for dual variables by
where M,M are the cutoffs controlling the corrections to the 4-form theories [30, 34] . The key difference between the quadratic potentials and more general ones is that the monodromy 10 Even if we hadn't added the kinetic term forφ, it would have gotten it from mixing with R. 11 The gravitational prefactor U(Mφ/M 2 P l ) breaks the shift symmetry ofφ and significantly alters the structure of the monodromy vacua forφ. However, that is acceptable since a heavy fieldφ never moves much, as we will discuss shortly.
energy branches as a function of φ are more complicated than parabolas, with minima where V,V can have any nonnegative value 12 . They would retain the same periods F,F. Note that these potentials, once computed, are radiatively stable [34, 35] as long as their arguments are at most of order unity,
The normalizations here are a consequence of Naïve Dimensional Analysis as discussed in [35] .
The action (8) suggests that despite the absence of fermion sector global symmetries, the parameter θ can nevertheless be absorbed away by shifting φ → φ − f θ, since naively the only term that would change under the shift is mφ F → mφ F − mf θ F , and the variation mf θ F is a total derivative. However, shifting φ changes the energy of the system because the monodromies spontaneously break shift symmetry. Due to periodicity of φ, continuous shift symmetry is broken down to a discrete one, and θ can only be removed exactly if lF/f + θ = 2πn for some integers l, n. If = σ is rational this will only be possible for special values of θ. On the other hand, if
is irrational, we can always pick integers l, n such that θ + 2π(lσ − n) is arbitrarily close to zero [18, 39] . We will take this case here and work with irrational σ (working in what follows with ω = 2πσ). This means that the states with different θ in (9) are perturbatively degenerate.
This degeneracy is broken by gauge theory strong coupling effects, which induce a fine structure to the effective potential of the theory. We imagine that the gauge symmetry is broken, possibly by strong coupling effects, at a scaleλ. At energies below the scaleλ of the gauge theory G we can integrate out the gauge fields and any other heavy degrees of freedom in the gauge theory, to obtain an additional contribution to the effective potential. At the leading order in the dilute instanton gas approximation 13 this nonperturbative term isṼ = λ 4 [1 − cos(ωφ/F + θ)] + . . . . Note that in general, λ is not the same as the symmetry breaking scaleλ. It could be much lower, depending on the gauge group topology and the details of the fermion sector charged under it, which can yield exponential suppressions,
where S is the instanton action. The total effective potential for φ below the scaleλ is
This potential has global minima where it almost vanishes when ω is irrational [18, 41] . Note that the mass of φ is ∼ m 2 above the scaleλ, while below it the axion is heavier, with mass ∼ m 2 + ω 2 λ 4 /F 2 . Moreover note that this term in general (spontaneously) breaks the discrete shift symmetry of φ. It is crucial that this breaking is very soft (in our case that is guaranteed by using nonperturbative effects to induce the breaking) in order to maintain the flatness of the monodromy potential. Otherwise, dangerous operators will be induced in the loop expansion 14 .
12 Negative values may be problematic because of stability, since they would imply branches with negative kinetic terms for the 3-forms A,Â. 13 The trigonometric form of the potential is not essential; the point is that the potential is periodic and differentiable. We will work with the trigonometric form for convenience's sake.
14 For example, if this discrete shift symmetry were broken arbitrarily, we could not forbid operators like
with O(1) prefactors, which are disastrous for the flatness of the φ potential [34] .
We will ignore such structures in theφ sector, restricting for simplicity's sake to the quadraticV = M 2 (φ +Q/M ) 2 /2. Perhaps the most unusual term in (8) is U(Mφ/M 2 P l ). From the point of view of low energy physics, this term must be ∼ 1 in order to reproduce reasonable phenomenology and cosmology. From our discussion of sequester above, this is also its natural value, that renormalization will drive it to. The effective potential for the canonically normalized field χ ∼ M P l ln √ U in the Einstein frame iŝ
The mass of this field is given by
This means that the fieldφ is for all practical intents and purposes decoupled from the action, with its fluctuations integrated out, but with its background value slightly deformed by the presence of gravitational sources in the theory, which move the field slightly away from its minimum, displacing it by ∆φ ∝ R. In other words, the potential U forcesφ to behave just like a Lagrange multiplier. Let us now show that the theory based on (9) sequesters 15 . We are interested in energy scales below the Planck scale. Sinceφ, as we have seen, is fixed by Planck scale effects, we can integrate it out and only keep its background. As we noted it gets slightly deformed by sources. In light of this it is convenient to rewrite (9) as
where we reintroduced 16 topological 4-forms F µνλσ = 4∂ [µ A νλσ] andF µνλσ = 4∂ [µÂνλσ] . Here the potential V is the quadratic at scales above the gauge theory symmetry breaking scaleλ, and below is given by (12) . The precise details of this potential actually aren't important in what follows. Note that (15) resembles (2), although it contains three Lagrange multiplierŝ φ, Q,Q and a dynamical axion φ. The field equations for scalars and forms are
15 Some of the technicalia on sequestering monodromies were identified in discussions with A. Padilla. 16 At first sight this may seem redundant; after all these 3-forms are auxiliary in flux monodromy constructions. However, a closer look shows -as we will see explicitly in what follows -that these structures do not simply decouple since they mix with matter sources. The situation is analogous to what happens with sources in theories with kinetic and mass mixings of U (1) fields, where in the propagation eigenbasis the currents carry charges of both U (1)'s [40] .
whereas the gravitational equations are
We have kept the scalar derivatives in (17) for completeness. However they play no role in the cancellation of QFT vacuum energy corrections and the selection of the residual cosmological constant, as we will now explain. Let us first consider the derivatives ofφ and U. Theφ dependence of U can be disentangled from gravity by a conformal transformation which maps (16) to the Einstein conformal frame, with the canonically normalized scalar χ ∼ ln √ U. As we showed in (14) , the fluctuations of χ (orφ) are too heavy to matter, with Planckian mass, and can be safely integrated out. In fact we could completey integrateφ out, replacing it by the solution of its equation of motion since it is so heavy (14) . This would replace U(Mφ/M 2 P l ) by a series in the powers of R andQ. The resulting theory would produce exactly the same dynamics as when we treat the background vevφ as a Lagrange multiplier, and so we will ignore the details here.
So ignoring the fluctuations ofφ, the backgroundφ is found by minimizing the effective potential (13) , found by tracing (17) and substituting R in the third of Eq. (16) . Ignoring spacetime derivatives, since R = 2
Taking the coefficients in the Taylor expansion of U to be O(1) and also taking 17 M M P l , all we need is a rootφ 0 of (18) with all parameters O(1) in the units of Planck scale, and withV /U 2 being convex at that root. When R deviates from the background value above, we can determine how much it distortsφ 0 by expanding the third equation of (16) 
making it clear that the distortion is always small and the corrections are tiny when R < M 2 P l . Since we are steering clear from Planckian scales (where we'd have to deal with full-blown quantum gravity, not only large semiclassical corrections) we can drop all the spacetime derivatives ofφ -i.e. U -from the right hand side of (17), since they are of order ∇ 2 δR/M 2 P l , and therefore suppressed relative to the Einstein terms by two powers of the curvature in the units of Planck scale. Yet this small distortion ofφ is very important for the 4-form sector since it feeds in the flux ofF , as we see when we combine the last equations in the two lines of (16). We will return to this shortly. Now we turn to φ. In (9), φ behaves pretty much like an ordinary matter field, except that it couples directly to the monodromy field Q. This gives it a mass protected by the discrete gauge symmetry φ → φ − F, Q → Q + q/m, Fm = q. Hence in perturbation theory the loops involving φ could generate operators that depend on ∂φ and φ + Q/m. These modify the effective potential away from the simple quadratic form, but preserve the dependence on the arguments [34, 35] . The fact that φ is massive helps with understanding the dynamics of sequester.
To evaluate the Lagrange multipliers Q,Q we need to trace the gravitational equations and evaluate their (regulated) spacetime averages. With the equations (16), (17) it is clear that this will include the averages of the derivative terms like
and possibly similar expressions involving higher order corrections. The integrals are over the whole cosmic history of the universe 18 . Since φ is massive it will settle in the minimum of its potential, and its derivatives will asymptotically vanish. So in the expressions for the spacetime averages of derivatives, the numerators will receive a contribution for only a subset of the domain of integration. Similarly when averaging time-evolving potentials, we can replace them with their asymptotic values. Again, the variations will occurs over finite regions, and be bounded. As the IR regulators of the spacetime integrals are removed, the averages vanish. Hence we will use only the vacuum field configurations and Einstein's equations for averaging, which isolates QFT vacuum energy corrections and the cosmological constant counterterm. The relevant simplified equations are
where Q,Q are constants. We have used the first equation to obtain the third. Now, averaging the trace
The right hand side will be radiatively stable, because the left hand side is. Indeed integrating and dividing 4-forms gives R = 2∂ Q Vtot U F / F , and V tot is radiatively stable when its argument is < ∼ O(1) [35] . The argument of V tot selects a value at which 4 V tot cancels T order by order in the loop expansion. This is possible as long as
Since V tot has minima with nonnegative values, this requires the quantum vacuum energy corrections to be negative, and of the order of the cutoff, | T | < ∼ M 4 /(4π) 2 , like in [19] .
The first equation on the right hand side of (20) gives
means that the terms ∝ (φ +Q M ) 2 − (φ +Q M ) 2 are negligible in the vacuum whereφ const. and can be safely dropped. Subtracting out V tot which contains the arbitrary value of Q, 18 These integrals in reality are merely the 'observational tools' required to measure the cosmological constant to sufficient precision. In principle, taking a region of the spacetime to be large but finite, e.g. ∼ 100 times the size of the current horizon should be enough. We will ignore the distinction here.
and so plays the role of the counterterm, yields
where ellipses denote higher order corrections, but also evolutionary contributions from excitations above the vacuum. The equations (22) are remarkably similar to the gravitational equations in (4). As there, the term ∝ T cancels QFT vacuum energy energy contributions, and V tot cancels V tot whenever φ + Q/m settles in the minimum in which QFT vacuum energy corrections are calculated. The loop corrections cancel 19 between V tot and T thanks to adjustments of φ + Q/m, when Λ quantum = − T /4 < 0. That leaves the residual cosmological constant
which is formally radiatively stable as before, as long as V tot is a flat function and once the Planck scale is renormalized and assigned its observed value. Note that as the UV corrections are absorbed order by order, by changing mφ + Q, ∂ Q V does change as well. Note also, that in principle the radiatively stable Λ residual could be large if ∂ Q V is large. A curious feature emerges when one considers the possible forms of the potential V tot which we mentioned above. Suppose for a moment that the gauge theory couplings in Eq. (12) vanish. So V tot is only the monodromy term from (12) 
). Then ∂ Q V tot = ∂ φ V tot /m. But the fourth equation of (20) asserts that ∂ φ V tot = 0 in any vacuum. The residual cosmological constant of (23) vanishes for any vacuum of the theory!?
A closer inspection of (20) shows the problem with this:
as well and so (23) is indeterminate as it stands. But replacing F by its on-shell form yields
Since U ∼ U ∼ 1, this means that Λ residual ∼ M 2 P l F , where F is an arbitrary spacetime average value of a classical 4-form flux. Instead of fixing the value of Λ residual to zero, the extension of vacuum energy sequester by the inclusion of monodromies alone made it a continuum. The actual observable cosmological constant can now be anything, in principle.
This would be very similar to Brown-Teitelboim theory [17] in the limit of vanishing membrane charge. In that case, classical flux of the 4-form, which screens the cosmological constant, can be discharged continuously, yielding all kinds of potential problems.
Rather than revisiting this interesting case, we will side-step it here, and instead go to the case where φ couples to other sectors, and its potential receives additional contributions. This will change cosmic history and produce a different spectrum of residual cosmological constants.
If we allow the coupling of φ to a gauge theory as in (8), and in turn get the low energy potential for φ like (12), the expression for the residual cosmological constant (23) is well behaved. Indeed, ∂ Q V tot = ∂ Q V , and
The residual cosmological constant becomes
The dimensional normalization ∼ M 2 P l mF λ 4 is an energy scale set by the nonperturbative gauge theory dynamics, as we noted above. It can be much smaller than the cutoff, and it could even be very small [42] . The dimensionless numbers are U ∼ U ∼ F / F ∼ O(1) as we noted above.
Since the field value φ changes by ∆φ < ∼ M 2 /4πm M P l as in Eq. (21), the argument of the sine in (26) varies a lot as loop corrections and UV contributions are added: ω∆φ/F < ∼ ωM 2 /4πFm 1. Thus the sine oscillates wildly from one step in the loop expansion to another. As a result, the residual cosmological constant Λ residual is radiatively stable down to
4 level, but unstabe below it. In other words introducing the discrete fine structure to the spectrum of the residual cosmological constant has reintroduced radiative instability, but at the scale that is much below the cutoff. This is very interesting, but by itself it might not be enough. For a generic θ in (26) this means that a typical value of Λ residual is in fact
4 , that could be too large. If θ = 0 and ω ∈ N, implying that some fermions which are charged under the gauge group G have remained massless, there would be values of φ where ωφ/F ≡ 2nπ, and where the sine would vanish identically. However these may be widely spaced, and hence atypical, requiring fine tunings.
Obviously, we would be amiss not to mention that the gauge theory to which φ couples might have the right topology and charged fermions with the right couplings, such that for a symmetry breaking scaleλ,
(see, e.g. [42] ). If so, both the value of Λ residual in (26) and its radiative (in)sensitivity would drop to below the observed level of cosmological constant for any choice of φ and Q. In such a case, the problem would be solved without any further work. In the cases of other gauge groups more work is needed to produce such a small cosmological constant. For this reason, we are taking ω to be irrational here, just in case. So the sine function has the period which is incommensurate with the monodromy period. Now, it is still true that for many of the vacua parameterized by φ, the phase of the sine will not be arbitrarily close 20 to 2πn for any n. But due to the irrationality of ω every so often we will find that ωφ/F + θ is arbitrarily close to 2πn for some n [39], as we explained previously. For those values of φ the residual cosmological constant will be tiny. This is illustrated in Fig. (1) . The
F 2 and φ may be a tachyon. Those'd be maxima.
resulting picture is the structure of vacua with a range of residual cosmological constants, whose magnitude can be pretty much any number < ∼ 
Irrational Landscape of Λ
The irrational landscape of vacuum energy sequester which we have outlined above shares some of the features of the irrational axion landscape [18] and the landscape permeated with large 4-form fluxes [19] . However there are some important differences. Let us review these similarities and differences.
First off, in the case of the irrational axion [18] the setup can produce arbitrarily small positive contributions to the cosmological constant and also arbitrarily small differences between different cosmological constants, due to the incommensurability of the axion decay constants. On the other hand there are also additional contributions to the cosmological constant from other sectors which are not cancelled, that can't be compensated by the axionic landscape alone. Something else must cancel contributions from other sectors.
In the case of the landscape pervaded by 4-form fluxes [19] the additional contributions to vacuum energy are also compensated by 4-forms -by screening. This requires these additional contributions to be negative. The proposal of [19] turns this into a valuable feature since the compensation of a large negative vacuum energy by large fluxes of 4-forms facilitates relaxation processes by discharge of fluxes through the emission of membranes whose charges are incommensurable. Many consecutive discharges will induce arbitrarily small differences between allowed states in the spectrum of the net cosmological constant. This means that the total value of the cosmological constant efficiently scans a finely spaced discretuum around the zero value, but only for initial states which contain large negative vacuum energy contributions from other sectors. If the initial state doesn't include a large negative vacuum energy, the resulting spectrum of descendant vacua will not have a finely scanned discretuum around zero. Such evolutionary branches are discarded in [19] .
In our case, the incommensurability of the periods f and F also leads to a landscape of values of the cosmological constant which can be arbitrarily small, and with arbitrarily small differences between different values like in [18] . In contrast to the irrational axion [18] , they can have either sign. Further the large contributions from other sectors are completely sequestered away here, being diverted into the non-gravitating 4-forms. The only contributions come from ∼ M 2 P l mF λ 4 terms. We also require that the initial state has negative quantum vacuum energy contributions like the flux landscapes of [19] , however in our case this is because the 'counterterm' V tot is positive, that follows for reasons of stability, as we noted before. The important point is that the absolute value of this contribution to the cosmological constant does not play any role in controlling the values of the residual cosmological constant, and the differences between them. The net cosmological constant does scan densely the region of values near zero regardless of the regularized value |Λ vacuum |.
Bearing these features in mind, we can now proceed with populating the landscape using cosmological dynamics. As [19] we can use eternal inflation for this. Imagine that the symmetry breaking scaleλ of the gauge theory, whose nonperturbative effects induce the fine structure of the cosmological constant spectrum, is above the scale of slow roll inflation 21 . In this case during inflation the cosine potential is already present, and it contributes to the cosmological constant, albeit its magnitude could be small. Moreover it is natural to take m ∼ H and F perhaps even larger, while still below the Planck scale. So both fields φ and φ are too heavy to be pushed around by inflation (although this is not necessary).
Since the inflating universe is almost de Sitter, and the energy scales are high, the tunnelling processes between different vacua of φ and the discharges of Q by membrane emissions will be rapid. These were studied in [24] and were found to be very similar to the standard Coleman -De Luccia tunneling processes in the thin-wall approximation [43] , as long as the axion-4-form couplings and potentials satisfied certain consistency conditions, which can be readily met. It is possible that processes altering the values ofφ andQ may also occur, leading to universes with domains of different M P l , which are similar to those noted recently in [44] . These processes are however highly suppressed below the Planck scale and so we will ignore them here. Recall that tunneling processes and membrane discharges do not spoil the sequester of QFT vacuum energy contributions. The vacuum energy which is subtracted by the 4-forms remains safely stored away from gravity, residing in the non-gravitating 4-form sector [24] .
As Λ drops, the membrane nucleation rate and the φ tunneling rate will slow down. The transitions involving multi-membrane emissions, simultaneously discharging many units of flux, and jumps in φ involving large changes in the potential are possible [45] . They could be detrimental to inflation, however since they could be suppressed in some regions of the landscape, we will ignore them. Hence inflation will not be interrupted adversely by too rapid discharge of vacuum energy. Nevertheless, inflation should end eventually to allow for reheating, that will avoid the "empty universe" problem.
A simple way to avoid the "empty universe" problem is to imagine that initially the value of Λ exceeds that of the inflationary potential [19] . Because of this, the light inflaton is pushed around by quantum fluctuations more than slow roll, while Λ changes due to tunneling and discharges. This will allow patches of the universe just before the final jump to still be in the regime of eternal inflation, with a random distribution of inflaton values. Right after the last tunneling/discharge event, in the interior of the final bubble the cosmological constant will sharply drop to its terminal value, allowing the slow roll inflation to begin. Slow roll inflation could also be a flux monodromy [34, 35, 46] , although those details aren't so important here. Slow roll inflation will seed the universe with curvature perturbations, and will be followed by the reheating in the geometry with a small final Λ. After the end of inflation, gravity will suppress the transitions to states with large negative cosmological constant [43] , implying that the states with small Λ, positive or negative, will be long lived. In fact sequestering dynamics enhances the longevity of such states [24] .
If the scale induced by nonperturbative physics satisfies
∼ 10 −12 eV 4 no further discussion would be needed. If this is not the case, the value of Λ residual can be determined by invoking Weinberg's anthropic argument [13] . Since the step between different Λ residual can be arbitrarily small, because for any phase θ there exist integers n, l such that θ+2π(lσ −n) < , we have that, up to O(1) factors,
Clearly, for integers whose ratios are not good approximants of σ the energy differences are much larger. However, assuming the uniform distribution of real numbers, we need ∆Λ < ∼ 10 −12 eV 4 to ensure that acceptably small values of the observed cosmological constant are not unlikely. Imposing anthropic bounds [13] , the favored value is Λ 10 −12 eV 4 , fitting observations. This value is insensitive to UV physics corrections at scales above 
Summary
In [23, 24, 25 ] the author and collaborators have devised a manifestly local theory of vacuum energy sequester, which removes all QFT vacuum energy corrections from the stress energy tensor sourcing gravity. Because the theory is local it admits the standard Hamiltonian description, and can be used as a starting point for a path integral formulation of gravity coupled to matter. The solutions can have a finite cosmological constant and an infinite worldvolume. The theory involves non-gravitating topological sectors, comprised of 4-forms whose gauge symmetries allow for Lagrange multiplier fields, that can be used as constraints which ensure diversion of QFT vacuum energy away from T µ ν . The residual cosmological constant however, while radiatively stable, is left completely arbitrary in perturbation theory.
The dynamics of local vacuum energy sequester has ingredients similar to the decoupling limit of flux monodromy models of large field inflation [34, 35] , retaining the nonperturbative dynamics of discharges and tunnelings adjusting fluxes like [18] . Noting this similarity we have pursued here a 'completion' of the local sequester mechanism into a theory with two monodromies. This route has led to a landscape of the residual cosmological constant, which is desensitized from some of the unknown UV physics. An additional fine structure of vacua, which is scanning the values around zero extremely finely is introduced by coupling one of the fields to a gauge theory, with its period incommensurate with the period of a monodromy. This reintroduces some radiative instability controlled by the scale of the gauge theory nonperturbative potential, which can be much lower than the cutoff.
In contrast to [18] , irrationality of the sequester landscape arises from incommensurability of a monodromy period and a gauge theory period. Since the 4D monodromies typically arise in compactifications [34, 35, 37, 38] , the 4D monodromy period and membrane charges are products of compactified dimensions and so on. This can easily induce irrational ratios in 4D. This is similar in spirit to the compactifications considered in [19, 20, 21] . Thus there doesn't seem to be any fundamental obstacle to getting irrational ratios of the periods of 4D potentials. Any global symmetries due to them would be emergent, appearing only at low energies.
Unlike some of the other landscape models, the landscape which we have presented here is purely 4D. It might arise in special limits of compactifications of higher dimensional theories when all internal dimensions are O(1) in fundamental units. We do not need a large number of fields or forms, in principle, as long as the ratios of periods are irrational 22 . Resorting to eternal inflation as a colonizing force behind populating the landscape, in a way very similar to [19] , we see that the late time universes are cosmologies that scan very finely a wide range of values of cosmological constant around zero. Thus one can use Weinberg's anthropic selection to pick the cosmological constant at the observed value of 10 −12 eV 4 . Alternatively, if the gauge theory that induces the fine structure of Λ residual yields a very suppressed potential term, any vacuum could immediately have an acceptably small cosmological constant.
One might object to the pursuits presented here on 'philosophical' grounds. We have started with an attempt to desensitize the cosmological constant from all unknown UV physics, simplistically modeled by loop corrections and dependence on the cutoff. We have ended up with an anthropic landscape. Why should we need both of these? Should it not suffice to have only one realized?
An issue which invariably arises in the decoupling of the unknown UV physics is, how is the renormalized, UV-stabilized cosmological constant value to be determined? The anthropic landscape approach provides a possible answer. The specific realization which we have uncovered shows that the terminal value of the cosmological constant turns out to depend on the protected subsector of the theory -e.g. the Standard Model -only very weakly, despite the fact that all local fluctuations with finite wavelengths in this sector obey the standard Equivalence Principle. The terminal cosmological constant is only determined by the dynamics of the sequestering sector, which removes the contributions from the protected subsector form the cosmological constant. This reduces the UV sensitivity of Λ residual and is a novel and unusual feature by itself. Further, perhaps other ways for choosing the terminal cosmological constant, which do not use the anthropic principle, exist as well. Such frameworks might yield dynamical adjustment of cosmological constant.
It would be interesting to study the scenario we have outlined here in more detail, and also pursue closer contact with detailed derivations starting with UV complete frameworks. Further, we recall that the irrational axion proposal of [18] has been primarily designed in the attempt to address the strong CP problem using anthropics. It would be interesting to see if such an application can be realized in the context of monodromies and sequester. We cannot refrain from sharing a speculation along these lines, which we find quite curious, in the appendix.
during the QCD phase transition, being a part of it since the energy differences between such states are < ∼ λ QCD . The interim values of φ = −nF, set well before the QCD phase transition, will either shift, or tunnel to the new minima. The tunneling rates may be very slow, but since the universe is radiation dominated at that time, the various bubbles relaxing φ to new nearest minima of V tot can percolate.
After this the resulting cosmological constant spectrum will be given by Eq. (26), with the values of φ determined by Eq. (25) . However in both we now use λ QCD instead of λ. Setting U ∼ U ∼ F / F ∼ ω ∼ 1 in the prefactor for Λ residual yields
Note that Λ residual is the total remaining cosmological constant which should now be subjected to anthropic selection to determine its value. So requiring Λ residual < ∼ 10 −12 eV 4 and noting that with our choice of scales λ Since θ QCD is defined modulo 2π this means that θ is either 0 or π with a very high precision. E.g., if m and F are GUT scale, the precision is 10 −48 . If they are lower, the precision is even higher. Putting in a very mild posterior, which is that strong forces do not appear to break CP strongly leads to a prediction: θ QCD is tiny, being smaller than the current bounds by many orders of magnitude:
implying that the future searches for the neutron dipole moment will come up empty, if this is the mechanism for setting θ QCD 1! Clearly, the precise dependence of Λ residual on θ QCD could be sensitive to other corrections near or above the QCD scale. In the presence of other sectors which confine at higher energies and may also involve CP violations, the bound we found could change. However, the argument presented here leads to so strong a bound on θ QCD compared to other anthropic considerations [18, 48] that we could not resist including it.
